In the present paper, we shall give a characterization for the Spanne and Adams type boundedness of the Riesz potential and its commutators on the generalized Orlicz-Morrey spaces, respectively. Also we give criteria for the weak versions of Spanne and Adams type boundedness of the Riesz potential on the generalized Orlicz-Morrey spaces. In all the cases the conditions for the boundedness are given in terms of Zygmund type integral inequalities involving the Young function (u) and the function ϕ(x, r) defining the space.
Introduction
As is well known, Morrey spaces are widely used to investigate the local behavior of solutions to second order elliptic partial differential equations (PDE). Recall that the classical Morrey spaces M p,λ (R n ) are defined by
where  ≤ λ ≤ n,  ≤ p < ∞. M p,λ (R n ) was an expansion of L p (R n ) in the sense that
Here and everywhere in the sequel B(x, r) is the ball in R n of radius r centered at x and |B(x, r)| = v n r n is its Lebesgue measure, where v n is the volume of the unit ball in R n .
By W M p,λ (R n ) we denote the weak Morrey space defined as the set of functions f in the local weak space WL p loc (R n ) for which The commutators generated by b ∈ L  loc (R n ) and the operator I α are defined by
The operator |b, I α | is defined by
The classical result by Hardy-Littlewood-Sobolev states that the operator I α is of weak type (p, np/(n -αp)) if  ≤ p < n/α and of strong type (p, np/(n -αp)) if  < p < n/α.
Around the s, the Hardy-Littlewood-Sobolev inequality was extended from Lebesgue spaces to Morrey spaces. As stated in [] , Spanne proved the following result.
Later on, a stronger result was obtained by Adams [] , and refined by Chiarenza and Frasca [] . 
where C does not depend on x and r. Then I α is bounded from
and let ϕ(x, t) satisfy the conditions
where q > p and C does not depend on x ∈ R n and t > . Suppose also that, for almost every
It is well known that commutators of classical operators of harmonic analysis play an important role in various topics of analysis and PDE.
As an application of the above results, the boundedness of [b, I α ] on generalized Morrey spaces is investigated in [, ] .
The boundedness of I α from Orlicz space L (R n ) to the corresponding another Orlicz space L (R n ) was studied in [] . There were given necessary and sufficient conditions for
In this paper, we shall give a characterization for the Spanne and Adams type boundedness of the Riesz potential and its commutators on generalized Orlicz-Morrey spaces, respectively. Also we give criteria for the weak versions of Spanne and Adams type boundedness of the Riesz potential on the generalized Orlicz-Morrey spaces.
By A B we mean that A ≤ CB with some positive constant C independent of appropriate quantities. If A B and B A, we write A ≈ B and say that A and B are equivalent.
Preliminaries

On Young functions and Orlicz spaces
We recall the definition of Young functions. If ∈ Y, then - is the usual inverse function of . We note that
It is well known that
where (r) is defined by
A Young function is said to satisfy the  -condition, denoted also as ∈  , if
A Young function is said to satisfy the ∇  -condition, denoted also by ∈ ∇  , if
is a Banach space with respect to the norm
We note that
Lemma . ([]) For a Young function and B = B(x, r), the following inequality is valid:
,
By elementary calculations we have the following.
Lemma . Let be a Young function and B a set in R n with finite Lebesgue measure.
Then 
Generalized Orlicz-Morrey space
The following theorem and lemma play a key role in our main results.
Theorem . ([]) Let ∈ Y, the functions ϕ and satisfy the condition
sup r<t<∞ - B(x, t) - ess inf t<s<∞ ϕ(x, s) - (|B(x, s)| - ) ≤ Cϕ(x, r), (.)
where C does not depend on x and r. Then the maximal operator M is bounded from
A function ϕ : (, ∞) → (, ∞) is said to be almost increasing (resp. almost decreasing) if there exists a constant C >  such that
For a Young function , we denote by G the set of all almost decreasing functions ϕ :
.
By the definition and Lemma ., it is easy to see that
On the other hand if r ≥ r  , then
This completes the proof.
Spanne type results for I α in the spaces M ,ϕ
We recall that, for functions and from [, ∞) into [, ∞], the function is said to dominate globally if there exists a positive constant c such that (s) ≤ (cs) for all s ≥ .
In the theorems below we also use the notation
where  < P ≤ ∞ and P (s) is the Young conjugate function to P (s), and
respectively. These functions P (s) and P (s) are used below with P = n α . 
Theorem . ([]) Let and Young functions and
For proving our main results, we need the following estimate.
The following theorem is a useful necessary and sufficient result for the boundedness of I α in the framework of generalized Orlicz-Morrey space.
Theorem . (Spanne type result) Let , be Young functions and  < α < n.
. If the functions ( , ) satisfy the conditions (.) and (.), then the condition
for all t > , where C >  does not depend on t, is sufficient for the boundedness of
. If the function ϕ  ∈ G , then the condition
for all t > , where C >  does not depend on t, is necessary for the boundedness of
. Let the functions ( , ) satisfy the conditions (.) and (.). If ϕ  ∈ G satisfies the regularity type condition
for all t > , where C >  does not depend on t, then the condition (.) is necessary and sufficient for the boundedness of
Proof The first part of the theorem was proved in [], Theorem . We shall now prove the second part. Let
Since this is true for every t  > , we are done. The third statement of the theorem follows from the first and second parts of the theorem. 
If we take (t) =
Remark . If we take ϕ  (t) = t λ-n p and ϕ  (t) = t μ-n q at Corollary ., then conditions (.) and (.) are equivalent to  < λ < n -αp and
, respectively. Therefore, we get the following Spanne result for Morrey spaces. The following pointwise estimate plays a key role where we prove our main results.
Lemma . Let  < α < n and ϕ(x, t) satisfy the condition
for some β ∈ (, ) and for every x ∈ R n and t > . Then we have the pointwise inequality:
Proof For an arbitrary ball B = B(x, t) we represent f as
and have
Consequently we have
Thus, by (.) we obtain
where we have used the fact that the supremum is achieved when the minimum parts are balanced.
Theorem . Let ∈ Y ∩ ∇  and  < α < n. Let ϕ(x, t) satisfy the conditions (.) and (.). Define η(x, t) ≡ ϕ(x, t) β and (t) ≡ (t /β ). Then the operator I α is bounded from
Proof By using the pointwise estimate (.) we have
where B = B(x, t). Note that from (.) we get
. Consequently by using this inequality we have
From Theorem . and (.), we get
The following theorem is one of our main results.
Theorem . (Adams type result) Let  < α < n, ∈ Y, β ∈ (, ) and η(t) ≡ ϕ(t) β and
(t) ≡ (t /β ).
. If ∈ ∇  and ϕ(t) satisfies (.), then the condition
t α ϕ(t) + ∞ t r α ϕ(r) dr r ≤ Cϕ(t) β (.)
for all t > , where C >  does not depend on t, is sufficient for the boundedness of
I α from M ,ϕ (R n ) to M ,η (R n ).
. If ϕ ∈ G , then the condition
t α ϕ(t) ≤ Cϕ(t) β (.)
for all t > , where C >  does not depend on t, is necessary for the boundedness of
for all t > , where C >  does not depend on t, then the condition (.) is necessary and sufficient for the boundedness of
Proof The first part of the theorem is a corollary of Theorem .. We shall now prove the second part. Let B  = B(x  , t  ) and x ∈ B  . By Lemma . we have t α  ≤ CI α χ B  (x). Therefore, by Lemma . and Lemma . we have
Since this is true for every t  > , we are done. The third statement of the theorem follows from the first and second parts of the theorem.
If we take (t) = t p , p ∈ [, ∞) and β = p q with p < q < ∞ at Theorem . we get the following new result for generalized Morrey spaces.
for all t > , where C >  does not depend on t, is sufficient for the boundedness of
I α from M p,ϕ (R n ) to M q,ϕ p q (R n ). . If ϕ ∈ G p , then the condition t α ϕ(t) ≤ Cϕ(t) p q (.)
for all t > , where C >  does not depend on t, is necessary for the boundedness of
I α from M p,ϕ (R n ) to M q,ϕ p q (R n ).
. If ϕ ∈ G p satisfies the regularity condition (.), then the condition (.) is necessary and sufficient for the boundedness of
Remark . If we take ϕ(t) = t λ-n
p at Corollary ., then the condition (.) is equivalent to  < λ < n -αp and the condition (.) is equivalent to
. Therefore, we get the following Adams result for Morrey spaces.
Spanne type results for [b, I α ] in the spaces M ,ϕ
We recall the definition of the space of BMO(R n ).
where
Modulo constants, the space BMO(R n ) is a Banach space with respect to the norm · * .
Before proving our theorems, we need the following lemmas.
Lemma . ([]) Let b ∈ BMO(R n ). Then there is a constant C >  such that
where C is independent of b, x, r, and t.
Lemma . ([, ]) Let f ∈ BMO(R n ) and be a Young function with
for every x ∈ B  , where
Theorem . Let  < α < n and b ∈ BMO(R n ).
. Let be a Young function and defined, via its inverse, by setting, for all
for all r > , where C >  does not depend on r, is sufficient for the boundedness of
. Let , be Young functions. If ∈  and ϕ  ∈ G , then the condition (.) is necessary for the boundedness of |b,
. Let be a Young function and defined, via its inverse, by setting, for all
for all r > , where C >  does not depend on r, then the condition (.) is necessary and sufficient for the boundedness of |b,
Proof 
Since this is true for every r  > , we are done. The third statement of the theorem follows from the first and second parts of the theorem.
If we take (t) = t p , (t) = t q , p, q ∈ [, ∞) at Theorem . we get the following new result for generalized Morrey spaces.
, then the condition
. If ϕ  ∈ G p satisfies the regularity type condition (.), then the condition (.) is necessary and sufficient for the boundedness of |b, The commutators generated by b ∈ L  loc (R n ) and the maximal operator M is defined by
, be a Young function with ∈  ∩ ∇  , ϕ and satisfy the condition
where C does not depend on x and r. Then the operator M b is bounded from
The following lemma is the analog of the Hedberg trick for [b,
, then for all x ∈ R n and r >  we get 
for every x ∈ R n and r > . Define η(x, r) ≡ ϕ(x, r) β and (r) ≡ (r /β ). Then the operator
Proof For arbitrary x  ∈ R n , set B = B(x  , r) for the ball centered at x  and of radius r.
By using the inequality (.) we have
Note that from (.) we get
. Therefore, we have
In order to estimate J  , by (.), Lemma ., and the condition (.), we also get
Consequently by using Theorem ., we get
. If ∈  and ϕ ∈ G , then the condition (.) is necessary for the boundedness of
for all r > , where C >  does not depend on r, then the condition (.) is necessary and sufficient for the boundedness of |b,
If we take (t) = t p , p ∈ [, ∞) and β = p q with  < p < q < ∞ at Theorem . we get the following new result for generalized Morrey spaces. 
where f WL (B(x,r)) = f χ B(x,r) WL .
Proof The proof is similar to the proof of Lemma . thanks to Lemma .. 
If we take (t) = t p , (t) = t q , p, q ∈ [, ∞) at Theorem . we get the following new result for generalized Morrey spaces.
Corollary . Let  < α < n and p, q ∈ [, ∞ 
